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Abstract
A simulation study has been performed in order to show the influence of the aerosol op-
tical thickness (AOT) distribution together with the corresponding error distribution on
the resulting A˚ngstro¨m exponent (AE) distribution. It will be shown that the A˚ngstro¨m
exponent frequency of occurrence distribution is only normal distributed when the rel-5
ative error at the two wavelengths used for estimation of the A˚ngstro¨m exponent is the
same. In all other cases a shift of the maximum of the AE-distribution will occur. It will
be demonstrated that the A˚ngstro¨m exponent (or the maximum of an AE distribution)
will be systematically over- or underestimated depending on whether the relative error
of the shorter wavelength is larger or smaller compared with the relative error of the10
longer wavelength. In such cases the AE distribution are also skewed.
1 Introduction
The A˚ngstro¨m exponent is a widely used parameter in atmospheric sciences dealing
with optical properties of aerosol particles. Since the early publications of A˚ngstro¨m
(A˚ngstro¨m, 1929 and 1930) and his later publications (A˚ngstro¨m 1961 and 1964),15
where this parameter was mainly applied to the description of the spectral behavior
of the atmospheric extinction and transmission, respectively, it is now also applied to a
variety of similar but slightly different optical properties, for instance to the atmospheric
scattering or backscattering coefficients.
The A˚ngstro¨m exponent is very popular because of the simplicity of the respective20
equation, because it enables to interpolate or to extrapolate aerosol optical proper-
ties, and because it is connected to particle microphysics (related with the mean size
of aerosols) as it describes, approximately for a certain radius range, a power law
(Junge) aerosol size distribution. The latter was refined by O’Neill and Royer (1993)
who derived bimodal size distribution radii using A˚ngstro¨m exponents.25
With the upcoming of automated measuring devices and automated data evaluation
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procedures huge data sets are created which cannot be handled any more by detailed
individual analysis. As an alternative a statistical approach is often used. Also error
analysis for each single measurement is not practical or not even possible for large
datasets. Since the data are all collected in the same manner it is reasonable to as-
sume that, except for time dependent systematic errors, the individual measurement5
errors are more or less the same and individual error analysis would give no addi-
tional information. In such cases a mean error instead of single errors is given in the
literature.
It should be pointed out that the phrase “large datasets” implies that several cal-
ibration constants were applied to the data. It is recommended by e.g. VDI (1994)10
to calibrate a sun photometer every year. Many scientists as well as networks (e.g.
AERONET) try to follow this recommendation. Consequently long time series of AOT
for a single station were treated with several different calibration constants including
an interpolation in time of these constants. As it will be explained later the error of the
calibration constant will propagate as bias in the calculation of aot. The use of several15
calibration values inside a database will result in aot errors with positive and nega-
tive signs as well as with different magnitudes. Furthermore Campanelli et al. (2007)
showed that the calibration constant itself varies on a daily basis which means that the
resulting aot-error may also vary daily.
In sun photometry the error of the AOT (∆τ) is often given as an absolute value.20
Holben (1998) and Eck (1999) gave errors for the AERONET AOT measurements of
0.02 for shorter wavelengths (<440 nm) and of 0.01 for longer wavelengths (>440 nm).
Knobelspiesse et al. (2004) mentioned that the error of the AOT depends only slightly
on the AOT value itself and they gave absolute errors between 0.021 and 0.010 for the
AOT derived from SIMBAD and 0.015 derived from Microtops sun photometer mea-25
surements. In contrast the error corresponding to the AOT derived from satellite mea-
surements consists of an absolute part and a relative part. Remer et al. (2005) showed
that the error of the AOT at 550 nm corresponding to MODIS retrievals over ocean is
∆τ=0.03±0.05τ and ∆τ=0.05±0.15τ over land.
12783
ACPD
7, 12781–12805, 2007
A˚ngstro¨m exponent
distributions
F. Wagner and A. M. Silva
Title Page
Abstract Introduction
Conclusions References
Tables Figures
◭ ◮
◭ ◮
Back Close
Full Screen / Esc
Printer-friendly Version
Interactive Discussion
EGU
These errors are reported for well-calibrated and maintained instruments. On the
other hand Smirnov and co-workers (2000) reported that in harsh environments, e.g.
Barbados, which results in rapid filter degradation, the errors could increase. Cachorro
et al. (2004) pointed out that an inaccurate calibration will lead to a diurnal cycle of the
AOT and would result in significant AOT errors at the miscalibrated wavelength under5
very clean conditions which can be observed at mountain stations. Such errors can be
as large as 100%.
Measurements over several years taken within automated networks result in the ex-
istence of large datasets. Depending on the location of the monitoring station the data
varies due to the observation of different aerosol types with different optical and micro-10
physical properties. But even in the case that only one single aerosol type would be
present the AOT measurements varies due to different source strengths. For example,
in the case of sea salt aerosols, they depend on the wind velocity as well as on the
change of relative humidity, which leads to an alteration of particle size and a small
alteration in the refractive index, both resulting in changed optical properties. Smirnov15
et al. (2003) showed the effect of wind speed on columnar aerosol optical properties
for sea salt, and Wai and Tanner (2004) on sea salt concentrations in PM10 measure-
ments. An example for a parameterized aerosol source function, which mainly depends
on the wind speed, is given in Gong et al. (2003) and Zhang et al. (2005) describing
the dependency of sea-salt emissions on the relative humidity.20
The analysis of such large data sets is often done in terms of frequency distributions
of the AOT and of the A˚ngstro¨m exponent in order to determine mean aerosol proper-
ties. O’Neill et al. (2000) reported that the AOT frequency distribution often follows a
logarithmic normal distribution and the A˚ngstro¨m exponent frequency distribution often
follows a normal distribution. Knobelspiesse et al. (2004) used logarithmic normal dis-25
tributions for AOT and normal distributions for the A˚ngstro¨m exponent in order to clas-
sify their measurements into several groups. In contrast Tahnk and Coakley Jr. (2002)
showed that frequency distribution of AOT for a region is well represented by a Gamma
distribution.
12784
ACPD
7, 12781–12805, 2007
A˚ngstro¨m exponent
distributions
F. Wagner and A. M. Silva
Title Page
Abstract Introduction
Conclusions References
Tables Figures
◭ ◮
◭ ◮
Back Close
Full Screen / Esc
Printer-friendly Version
Interactive Discussion
EGU
This paper deals with AOT distributions and some consequences on retrieved
A˚ngstro¨m exponent frequency distributions when normal distributed errors are taken
into account and the relative errors of the AOT at two different wavelengths differs.
We restrict the analysis only to two wavelengths, even being aware that a regression
through the data measured at multiple wavelengths would reduce the overall error.5
This restriction is justified because first not all kinds of sun photometers have a su-
ficient amount of channels for the retrieval of an A˚ngstro¨m exponent using multiple
wavelengths. Second, as mentioned above, the analysis can be transferred to different
instruments dealing with optical data, such as scattering (e.g. measured with a neph-
elometer) or backscattering coefficient (determined by lidar), from which an A˚ngstro¨m10
exponent is also commonly derived, although only based on optical data at two wave-
lengths.
Conventional error propagation will be briefly presented in Sect. 2. The methodology
for the simulation will be described in Sect. 3 and the results will be given in section 4
and finally conclusions will be presented in Sect. 5.15
2 Error propagation
The wavelength dependency of the extinction coefficient or of the optical thickness
can be described in terms of the so-called A˚ngstro¨m exponent (AE). The relationship
between two wavelengths is expressed via the following formula (see e.g. A˚ngstro¨m
(1964):20
τ = βλ−α (1)
where λ is wavelength in microns, τ is the optical thickness of particles or molecules,
α the A˚ngstro¨m exponent. The parameter β is the A˚ngstro¨m turbidity coefficient. It
is equal to the AOT at 1 micron and corresponds to the particle load. For molecules
the A˚ngstro¨m exponent is about 4 and varies between about 0 and 2 for particles.25
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Measurements at two different wavelengths allow the experimental determination of α:
τ1
τ2
=
(
λ1
λ2
)−α
and further :
ln
(
τ1
τ2
)
ln
(
λ1
λ2
) = −α or ln τ1 − ln τ2
ln λ1 − ln λ2
= −α (2)
The usual maximum error for the A˚ngstro¨m exponent can be derived via error propa-
gation. Under the assumption that each wavelength is exactly known, or that the error
for the wavelengths is negligible, it follows from error propagation law5
∆α =
∣∣∣∣ ∂α∂τ1
∣∣∣∣∆τ1 +
∣∣∣∣ ∂α∂τ2
∣∣∣∣∆τ2 (3a)
that:
∆α =
1
ln
(
λ2
λ1
)
(
∆τ1
τ1
+
∆τ2
τ2
)
(3b)
The latter equation is quite similar to the one derived by Hamonou et al. (1999),
whereas Hamonou et al. focused on the main error in sun photometery, the calibra-10
tion error, and here all different kinds of errors in AOT are included. The wavelength
range in sun photometry is usually between 340 and 1020 nm and for lidar it is usually
between 355 and 1064 nm. The factor 1/(ln(λ2/λ1) is equal to 1 for a wide wavelength
pair, e.g. for the wavelengths 1020 and 375nm, and 2 for a narrow wavelength pair, e.g.
for 870 and 527 nm. These two wavelengths ranges have practically relevance because15
they are similar to the various wavelength pairs used in the literature for the retrieval of
the A˚ngstro¨m exponent. For instance Hamonou et al. (1999) used the wavelength pair
443 and 670nm. Anderson et al. (2005) used the wavelengths pairs 550 and 675nm
for the MODIS retrievals of the A˚ngstro¨m exponent over ocean and 440 and 670 nm
over land. AERONET provides several A˚ngstro¨m exponents, e.g. calculated from the20
AOT at 500 and 870 or at 440 and 870 nm among others. It should be mentioned here
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that AERONET uses all available measurements in a certain wavelength range and
determines the AE via linear regression thereby reducing the errors that occur relative
to the use of only two wavelengths. On the other hand, Gobbi et al. (2007) use pairs of
the AERONET measurements in this wavelength range (440–675 nm and 675–870nm)
to access the curvature of the A˚ngstro¨m exponent.5
With an error of 0.02 for the AOT measurements at the short wavelength (e.g.
440 nm) and of 0.01 at the long wavelength (e.g. 870 nm) it follows that for clean op-
tical conditions with an AOT at 440 nm of 0.06 the maximum error for the A˚ngstro¨m
exponent ∆α=1.17 and for hazy conditions with AOT at 440 nm of 0.4 is ∆α=0.17 as-
suming an underlying A˚ngstro¨m exponent of 1.5. These values drop down to 0.73 and10
0.11, respectively, if the A˚ngstro¨m exponent is 0. The error decreases further if only
measurements at larger airmasses will be used.
The maximum error derived with equation 3b cannot explain any A˚ngstro¨m exponent
frequency distribution which is often observed for large data sets. Error propagation
always looks for the maximum error and does not take into account the “shape” of15
distributions including possible occurrences of skewness or kurtosis. Furthermore it
can not explain – because of the symmetry in the equation – systematic shifts whereas
the direction of the shift depends on at which wavelengths the relative error is larger or
smaller. It will be shown later that the A˚ngstro¨m exponent will be systematically over-
or underestimated depending on whether the relative error of the shorter wavelength20
is larger or smaller compared with the relative error of the longer wavelength.
3 Methodology
A simulation study has been performed in order to show the influence of the AOT
distribution together with the corresponding error distribution on the resulting A˚ngstro¨m
exponent distribution.25
Hereafter the AOT distribution is modeled as logarithmic normal distribution, which
is e.g. observed by O’Neil (2000) or by Smirnov et al. (2000) for daily values. The
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simulated error follows a normal distribution (Gaussian error) whereas the errors at
the two wavelengths are treated independently, each with its own amplitude and stan-
dard deviation. The use of a normal distributed error function can be justified by the
application to large datasets. For a single AOT measurement the main error is intro-
duced by the calibration error which leads to either too high or too low AOT values.5
However the values in large databases were obtained by applying different calibration
constants to measurements from different times or for different instruments. Hence
all kinds of errors (with positive or negative signs) will be found. Additionally as men-
tioned above there exists a certain day to day variability in the calibration constant as
shown by Campanelli et al. (2007) which further strenghen the assumption of a normal10
distributed error for large datasets of aot.
In the first part of the simulations the normal distribution errors were cut at one stan-
dard deviation (1 sigma). Consequently only 68% of the Gaussian distributions were
taken into account and the remaining wings (32%) were ignored. This procedure intro-
duces to the resulting A˚ngstro¨m exponent distribution some small features which would15
vanish if the complete normal distribution (defined between +/– infinity) would be used.
However the main qualitative features remain nearly unchanged. Finally it should be
mentioned here that due to the logarithm of the optical thickness in the A˚ngstro¨m ex-
ponent equation (see Eq. 2) it is not possible to take the whole Gaussian error function
into account. For values of τ−|∆τ|<0 the logarithm (see Eq. 1) is not defined, or in other20
words due to the positive nature of the optical thickness the Gaussian error function is
in reality only an approximation and cannot be true even under ideal conditions.
In order to simulate frequency of occurrence distributions different class numbers
were considered for all distributions. The AOT lognormal distributions were divided into
6000 classes and modeled for AOT’s between 0 and 3. The error normal distributions25
were divided into 2000 classes whereas the minimum and the maximum depend on the
given standard deviation (sigma). Finally the resulting A˚ngstro¨m exponent distributions
were calculated between −2 and +4.
The simulations were performed as follows:
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1. Select randomly an optical thickness class for the first wavelength.
2. Calculate – according to the given A˚ngstro¨m exponent – the optical thickness of
the second wavelength.
3. Select randomly an error class for the error frequency distribution of the first wave-
length and add this error (error1) to the selected AOT of the first wavelength.5
4. Select randomly an error class for the error frequency distribution of the second
wavelength and add this error (error2) to the selected AOT of the second wave-
length.
5. Finally calculate the resulting A˚ngstro¨m exponent and sort it into one of the 6000
classes.10
This procedure is repeated 4 000 000 times, in order to have a sufficient number
of A˚ngstro¨m exponents to determine the resulting A˚ngstro¨m exponent distribution.
Rounding numerical errors lead to some scattering in the A˚ngstro¨m exponent distri-
bution.
4 Results15
In the simulations the absolute error (distribution) is independent of the AOT. Any given
relative error refers always to the mode value (maximum value) of the AOT frequency
distribution. This is applied in Fig. 1 for errors of ∆τ=0.02 at a short wavelength (either
λ= 340 or 440 nm) and ∆τ=0.01 at a long wavelength (either λ= 870 or 1020 nm). If
the given relative error at one wavelength is fixed then the relative error at the other20
wavelength depends on the underlying A˚ngstro¨m exponent. The relative errors at both
wavelengths are equal at an A˚ngstro¨m exponent which corresponds to the AE obtained
from the errors themselves. Depending on the wavelength range used the A˚ngstro¨m
exponent varies between 0.63 (pair 340 nm and 1020nm) and 1.02 (pair 440 nm and
870nm).25
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4.1 Equal relative errors
Figure 2 shows the A˚ngstro¨m exponent distribution for different relative errors if the
relative errors are identical at both wavelengths. In Fig. 2a the width of the lognormal
AOT distribution was fixed and only the relative error was modified. It can be clearly
seen that with increasing relative error the A˚ngstro¨m exponent distribution becomes5
broader and the maximum is less pronounced. In all cases the maximum corresponds
to the underlying A˚ngstro¨m exponent (0). This behavior is independent of the under-
lying A˚ngstro¨m exponent (not shown) and of the AOT but it depends on the width of
the logarithmic normal distribution. Figure 2b shows this dependency for the relative
error of 100%. A larger value of sigma corresponds to a higher amount of large AOT’s10
in the AOT distribution. Because the given error corresponds to the AOT at the max-
imum of the AOT frequency distribution and due to the fact that the absolute error is
constant for all AOT’s, the relative error at larger AOT’s is smaller. Consequently for
narrow AOT distributions the corresponding A˚ngstro¨m exponent distribution is broader.
Furthermore, in this case of equal relative errors, the A˚ngstro¨m exponent distributions15
are symmetric (no skewness). It should be mentioned that the kurtosis seen in Fig. 2
is mainly an artifact due to the cutting of the wings of the normal distributed error func-
tion. The kurtosis becomes less pronounced if the calculations are performed until 2
or 3 sigma. Equations (1) and (2) together describe the entire time development of the
history of America. Again no geomagnetic term enters.20
4.2 Unequal relative errors
Figures 3a and b show the resulting A˚ngstro¨m exponent distributions if the two rela-
tive errors are different at the two wavelengths. In contrast to the previous figure the
resulting A˚ngstro¨m exponent distributions are no longer symmetric. They show certain
skewness and the maximum is shifted. The shift is larger when the relative errors at25
both wavelengths are very different and smaller when the relative errors are similar. If
the relative error at the first wavelength is larger than the one at the second wavelength
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then the A˚ngstro¨m exponent distribution is shifted to higher values and vice versa.
Again the A˚ngstro¨m exponent distributions are narrower when the AOT distributions
are broader, i.e. contains a relatively higher amount of larger AOT’s. The bend and
the kurtosis visible in the figures are an artifact caused by the wing cutting of the error
function.5
The reason for the shift lies in the multiplicative nature of relative errors. This can be
illustrated for a single relative error with the following equations, although for an error
distribution the same can be observed. Let ε denote the relative error. If the relative
errors are equal at both wavelengths, i.e. ε1=ε2=ε, then the error in the A˚ngstro¨m
exponent cancels out according to:10
ln
(
(1+ε1)τ1
(1+ε2)τ2
)
ln
(
λ1
λ2
) =
ln
(
(1+ε)τ1
(1+ε)τ2
)
ln
(
λ1
λ2
) =
ln
(
τ1
τ2
)
ln
(
λ1
λ2
) = −α
In case of different relative errors ε1 6=ε2 the term
(1 + ε1)
(1 + ε2)
differs from unity which corresponds to a shift in the A˚ngstro¨m exponent. If ε1>ε2 the
A˚ngstro¨m exponent becomes larger and becomes smaller if ε1<ε2. This confirms the15
findings of our simulations.
Remembering Fig. 1 where, for a constant absolute value and a fixed relative error
of the AOT at one wavelength the relative error at the second wavelength depends on
the underlying A˚ngstro¨m exponent, it can be concluded here that, in practice, the shift
of the maximum of A˚ngstro¨m exponent distribution can go in both directions depending20
on the underlying true A˚ngstro¨m exponent. This means that when the same (identi-
cal) instrument is monitoring different aerosol types (i.e. different A˚ngstro¨m exponents)
over a long time period, the resulting AE-distribution can have either a shift of the maxi-
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mum towards smaller A˚ngstro¨m exponents corresponding to one aerosol type or a shift
towards larger A˚ngstro¨m exponents corresponding to another aerosol type.
It is therefore necessary – before analyzing A˚ngstro¨m exponent distributions – to
restrict the analysis to AOT values which are sufficiently higher than the correspondent
error. The meaning of “sufficiently higher” depends on geometric standard deviation5
of the AOT distribution. Our results indicate that an error up to 50% can be accepted
in cases of a wide AOT-distribution whereas the error should not exceed 30% for a
narrow AOT-distribution. Such a restriction was already used by Gobbi et al. (2007)
who classified aerosol properties using AE for aot values larger the 0.15, only.
4.3 Application to measurements for well maintained sun photometers10
Now the simulations will be calculated for typical AOT conditions and for the typical
errors for well maintained sun photometers. The wavelength pair 340 and 1020 nm was
used and the mode optical thickness at 340 nm was taken which corresponds to clean
or medium turbid conditions according to common situations at the measuring site. The
A˚ngstro¨m exponent varied between 0.0 and 2.0 and the optical thickness at 1020 nm15
could be determined. The geometric standard deviations of the AOT distribution were
considered to be 1.1, 1.5 and 2.0. The error was simulated as Gaussian error with a
mean value of 0.02 at 340 nm and 0.01 at 1020 nm. The corresponding relative error
for 1 sigma is given in Table 1. The retrieved A˚ngstro¨m exponent frequency distribution
of all these simulations is shown in Fig. 4.20
With increasing underlying A˚ngstro¨m exponent the maximum of the AE-distribution
became smaller, the distribution itself became wider and a shift in the maximum oc-
curred. The reason for this is that with increasing underlying A˚ngstro¨m exponent the
AOT at 1020 nm was smaller and therefore the relative error increased. A larger error
corresponds to a wider distribution which in turn demands a lower maximum. Further-25
more because the difference of the relative errors at the two wavelengths changes with
the given A˚ngstro¨m exponent (which corresponds to a change in AOT, see Table 1)
the amount of the shift of the maximum of the A˚ngstro¨m exponent distribution also
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changes. With increasing differences of the relative errors the shift becomes larger.
A closer look shows that in fact the shift in the maximum changed direction at an
A˚ngstro¨m exponent of about 0.5. No shift would occur at exactly an A˚ngstro¨m expo-
nent of 0.631 according to the A˚ngstro¨m exponent of the errors itself (compare Fig. 1).
Such a behavior is especially pronounced for a narrow AOT distribution (sigma=1.1).5
This is illustrated in Fig. 5 where the deviation of the simulated A˚ngstro¨m exponent
distribution from the given A˚ngstro¨m exponent is shown. In contrast to the previous
part the error distribution was now simulated with +/– 2 standard deviations.
In the same figure two Gaussian normal distributions adapted to the respective AE
distribution are also represented. The A˚ngstro¨m exponent distribution for an AE of 0.5,10
which nearly corresponds to equal relative errors, resembles very much a Gaussian
distribution. In fact for an AE of 0.631 the relative errors would be 10% at both wave-
lengths and the A˚ngstro¨m exponent distribution would really follow a Gaussian normal
distribution. In contrast, the AE distribution for an AE of 2.0 (maximum difference in the
relative errors) is no longer normal distributed. It shows a certain asymmetry which cor-15
responds to a certain skewness. It should be noted that the kurtosis and the bends are
nearly absent which confirms the comments given above that this effect is introduced
into the simulations by cutting the wings of the error normal distributions.
The relevancy of these findings depends strongly on the predominant particle pop-
ulation and on the weather conditions which exists at the measuring site. There exist20
several stations belonging to the AERONET network and other stations belong to GAW
(Global Atmospheric Watch) which report very low AOT. These are mainly stations lo-
cated on island or mountains. However also at other locations, often but not exclusively
situated in a rural environment, sometimes low AOT values are reported. An example
is Palaiseau, France where an AOT’s as low as 0.107 at 340 nm, 0.111 at 380 nm and25
0.016 at 1020 nm as daily average was observed on 8 November 2005. Given the
constant errors of 0.02 for the short wavelength and 0.01 for the long wavelength the
relative errors for the latter measurement site are 19% at 340 nm 18% at 380 nm and
63% at 1020 nm, respectively. This is a large asymmetric error which corresponds well
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to the investigation of this publication.
Aerosol optical thickness and hence the A˚ngstro¨m exponent derived from satellite
measurements have usually a higher error than the same quantities derived from
ground-based measurements. In particular it is expected that A˚ngstro¨m exponents
derived over oceanic areas may be highly uncertain because the AOT are, for certain5
conditions, normally very low (Ignatov et al., 1998, and Voss et al., 2001).
The problem with the shift in the A˚ngstro¨m exponent is more relevant for very narrow
AOT distributions. Such narrow distributions can only occur when the atmosphere is
stable over a longer time. However, under such conditions it is possible to average
the measured AOT’s before calculating the A˚ngstro¨m exponent in order to reduce the10
measurement uncertainty. With a changing atmosphere it is not clear if such an aver-
aging is justified, because under practical conditions it will be usually difficult to decide
whether the aerosol population has changed. A more effective way in reducing uncer-
tainties is to restrict the analysis to larger airmasses. With increasing airmass m the
error due to the calibration uncertainty decreases with a factor 1/m as already shown15
out by Hamonou et al. (1999) or Cachorro et al. (2004). However special attention
is needed with respect to how much data around noon should be excluded in order
not to violate any temporal statistical analysis of a large dataset containing automatic
measurements. For instance if one would restrict an investigation to airmasses larger
than 2, then in turn the calibration error would be cutted in half. The advantage of20
having a smaller error would be achieved at the costs of temporal representation of the
emasurements. For a station located in the Southern Europe, all data observed during
winter time would be included in the analysis, whereas, during summer time, all data
between 08:00 and 16:00 UTC would be excluded.
4.4 Summary of the results25
The results may be summarized as follows:
1. The calculations have shown that for a given lognormal AOT-distribution combined
12794
ACPD
7, 12781–12805, 2007
A˚ngstro¨m exponent
distributions
F. Wagner and A. M. Silva
Title Page
Abstract Introduction
Conclusions References
Tables Figures
◭ ◮
◭ ◮
Back Close
Full Screen / Esc
Printer-friendly Version
Interactive Discussion
EGU
with a normal error distribution the resulting A˚ngstro¨m exponent distribution is
normal distributed only in the case of equal relative errors.
2. When the AOT frequency distribution is wide (e.g. sigma=2) then the resulting
A˚ngstro¨m exponent frequency distribution is narrower in comparison with a nar-
row AOT-distribution (e.g. sigma=1.1). The reason for this is due to the fact that5
the error is given with respect to the mode mean and a wider AOT distribution
has a larger portion of higher AOT values then a narrower AOT distribution. This
results in a higher portion of small relative errors and thus in a narrower A˚ngstro¨m
exponent distribution.
3. If the mean AOT is high (e.g. 0.4) the A˚ngstro¨m exponent frequency distribution is10
narrower as for low turbidity values (e.g. 0.06) in case of identical absolute errors.
The reason is that the relative error becomes smaller when the absolute error is
fixed and the AOT increases.
4. If the relative errors at both wavelengths are equal, or in a practical sense similar,
then the peak or maximum of the A˚ngstro¨m exponent distribution reflects the true15
value, otherwise a shift either to smaller or to higher A˚ngstro¨m exponent values
will occur.
5. Non symmetrical errors result in a shift of the maximum of the A˚ngstro¨m exponent
distribution. If the relative error is larger at the shorter wavelength or at the longer
wavelength then the maximum shifts towards the higher values of the A˚ngstro¨m20
exponent distribution or vice versa.
6. Non symmetrical errors result in a AE-distribution with skewness whereas posi-
tive or negative skewness depends on the relative error at the shorter and at the
longer wavelength, respectively. If the relative error at the shorter wavelength is
larger then at the longer wavelength the A˚ngstro¨m exponent distribution is nega-25
tive skewed (negative skewness) and vice versa.
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7. The A˚ngstro¨m exponent distribution is less symmetric (higher skewness) when
the AOT distribution is narrow and more symmetric for a wide AOT distribution.
The reason is again due to the fact that the higher portion of larger AOT values
corresponds to smaller relative errors.
8. Calculations with identical relative errors but different underlying A˚ngstro¨m expo-5
nents give the same shift of the maximum and the same shape of the AE dis-
tribution. Therefore any dependency on the underlying A˚ngstro¨m exponent with
respect to the shape and the maximum (or its shift) A˚ngstro¨m exponent distribu-
tions does not exist.
5 Conclusions10
When investigating A˚ngstro¨m exponent frequency distributions it is not only important
to have small errors, as one would expect from simple error propagation, but it is also
desirable that the relative errors of the AOT ∆τ/τ are equal or at least similar for the
two wavelengths used to calculate the A˚ngstro¨m exponent. Otherwise a shift of the
maximum and a change of the normal distribution which is expected to fit the A˚ngstro¨m15
exponent distribution will occur.
In order to derive the “true” A˚ngstro¨m exponent it is better to consider measurements
of the same aerosol type, i.e. having the same mean size (related with the A˚ngstro¨m
exponent), under a variety of different optical thickness than frequent measurements
with the same AOT values, provided the measurement error is constant. This corre-20
sponds respectively to the narrow and wide AOT distributions shown previously.
When long time series are analyzed in terms of frequency distributions, especially
for the case of the A˚ngstro¨m exponent frequency distributions, it is necessary to restrict
the analysis to the values of AOT which are sufficiently higher than the correspondent
error (compare Fig. 3).25
The results of this investigation can be applied to all optical quantities related with
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A˚ngstro¨m exponents. They are not restricted to AOT measurements derived from sun
photometer measurements. The obtained results may be of particular relevance when-
ever a comparison of different A˚ngstro¨m exponents derived from instruments of the
same type is needed or a closure study using different instruments and platforms will
be performed.5
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Table 1. Relative errors for the case of an absolute error of 0.02 at 340 nm and 0.01 at 1020 nm
(1 Sigma).
AOT
@340nm
Rel. Error (%)
@340nm
A˚ngstro¨m Exponent AOT
@1020nm
Rel. Error (%)
@1020nm
0.2 10 0.0 0.20 5
0.2 10 0.5 0.12 9
0.2 10 1.0 0.07 15
0.2 10 1.5 0.04 26
0.2 10 2.0 0.02 45
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Fig. 1. Relative error at the longer wavelength (LWL) as a function of the A˚ngstro¨m exponent
when the relative error at the shorter wavelength (SWL) is 20%. Two different wavelengths
ranges are shown. Used values for the calculation: AOT @SWL = 0.1, error @SWL = 0.02,
error @LWL = 0.01.
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Fig. 2. A˚ngstro¨m exponent distribution for the case of equal relative errors at both wavelengths
and an underlying A˚ngstro¨m exponent of 0; (a): dependency on the relative error values for the
same AOT-distribution; (b): dependency on AOT-distributions with different geometric standard
deviations (sigma) for the case of relative errors of 100% at both wavelengths.
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Fig. 3. A˚ngstro¨m exponent distribution for the case of different relative errors at both wave-
lengths and an underlying A˚ngstro¨m exponent of 0 in dependency on the values of the two
relative errors; SWL denotes the shorter wavelength and LWL the longer wavelength, respec-
tively. (a): for a sigma of 1.1 in the AOT distribution and (b): for a sigma of 2.0 in the AOT
distribution. The case of error1=30% and error2 =10% is not shown in (b) because the two
curves could not be distinguished.
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Fig. 4. A˚ngstro¨m exponent distributions based on AOT distributions with different geometric
standard deviations (sigma) and several underlying A˚ngstro¨m exponents (dotted lines) calcu-
lated with a constant optical thickness of 0.2 at 340 nm and a constant error of 0.02 at 340 nm
and 0.01 at 1020 nm.
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Fig. 5. Deviation of the A˚ngstro¨m exponent calculated for different A˚ngstro¨m exponents (AE)
with a constant optical thickness of 0.2 at 340 nm, a narrow AOT distribution (sigma = 1.1) and
constant errors of 0.02 at 340 nm and 0.01 at 1020 nm. The calculations were performed with
error of +/– 2 sigma. The two curves with symbols represent a Gaussian normal distribution.
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